The 2D Online Bin Packing is a fundamental problem in Computer Science and the determination of its asymptotic competitive ratio has attracted great research attention. In a long series of papers, the lower bound of this ratio has been improved from 1.808, 1.856 to 1.907 and its upper bound reduced from 3.25, 3.0625, 2.8596, 2.7834 to 2.66013. In this paper, we rewrite the upper bound record to 2.5545. Our idea for the improvement is as follows.
Introduction
In two-dimensional bin packing, each item (w i , h i ) is a rectangle of width w i ≤ 1 and height h i ≤ 1. Given a list of such rectangular items, one is asked to pack all of them into a minimum number of square bins of side length one so that their sides are parallel to the sides of the bin. Rotation is not allowed. The problem is clearly strongly NP-hard since it is a generalization of the one-dimensional bin packing problem [7] . In this paper we will consider the online version of two-dimensional bin packing, in which the items are released one by one and we must irrevocably pack the current item into a bin without any information on the next items. Before presenting the previous results and our work, we first review the standard measure for online bin packing algorithms.
Asymptotic competitive ratio To evaluate an online algorithm for bin packing problems, we use the asymptotic competitive ratio defined as follows. Consider an online algorithm A. For any list L of items, let A(L) be the cost (number of bins used) incurred by algorithm A and let OP T (L) be the corresponding optimal value. Then the asymptotic competitive ratio for algorithm A is
Previous work Bin packing has been well-studied. For the one-dimensional case, Johnson et al. [19] showed that the First Fit algorithm (FF) has an asymptotic competitive ratio of 1.7. Yao [28] improved algorithm FF with a better upper bound of 5/3. Lee and Lee [21] introduced the class of Harmonic algorithms, for which an asymptotic competitive ratio of 1.63597 was achieved. Ramanan et al. [23] further improved the upper bound to 1.61217. The best known upper bound so far is from the Super Harmonic algorithm by Seiden [25] whose asymptotic competitive ratio is at most 1.58889. As for the negative results, Yao [28] showed that no online algorithm has asymptotic competitive ratio less than 1.5. Brown [1] and Liang [20] independently provided a better lower bound of 1.53635. The best known lower bound to date is 1.54014 [26] .
As for two-dimensional online bin packing, a lower bound of 1.6 was given by Galambos [14] . The result was gradually improved to 1.808 [15] , 1.857 [27] and 1.907 [4] . Coppersmith and Raghan [9] gave the first online algorithm with asymptotic competitive ratio 3.25. Csirik et al. [8] improved the upper bound to 3.0625. Csirik and van Vliet [10] presented an algorithm for all d dimensions, where in particular for two dimensions, they obtained a ratio of at most 2.8596. Based on the techniques on the Improved Harmonic, Han et.al [17] improved the upper bound to 2.7834. The best known online algorithm to date is the one called A ⊗ B presented by Seiden and van Stee [24] , where A and B stand for two one-dimensional online bin packing algorithms. Basically A and B are applied to one dimension of the items with rounding sizes. In this seminal paper Seiden and van Stee proved that the asymptotic competitive ratio of H ⊗ B is at most 2.66013, where H is the Harmonic algorithm [21] and B is an instance of the improved Harmonic algorithm. It has been open since then to improve the upper bound. A natural idea is to use an instance of the Super Harmonic algorithm [25] instead of the improved Harmonic algorithm. However, as mentioned in paper [24] , in that case, the previous analysis framework cannot be extended to Super Harmonic.
We also briefly overview the offline results on two-dimensional bin packing. Chung et al [6] showed an approximation algorithm with an asymptotic performance ratio of 2.125. Caprara [5] improved the upper bound to 1.69103. Very recently Bansal et al. [2] derived a randomized algorithm with asymptotic performance ratio of at most 1.525. As for the negative results, Bansal et al. [3] showed that the twodimensional bin packing problem does not admit an asymptotic polynomial time approximation scheme.
For the special case where items are squares, there is also a large number of results [9, 24, 22, 11, 12, 13, 18] . Especially for bounded space online algorithms, Epstein et al. [12] gave an optimal online algorithm.
Our contributions There are two main contributions in this paper,
• we revisit 1D online bin packing algorithm: Super Harmonic, give new weighting functions for it, which are much simpler than the ones introduced in [25] , and the new weighting functions have interests in its own.
• we generalize the previous analysis framework for 2D online bin packing algorithms used in [24] , and show that the new analysis framework are very useful in analyzing 2D or multi-dimensional online bin packing problems.
By combining the new weighting functions with the new analysis framework, we design a new 2D online bin packing algorithm with a competitive ratio 2.5545, which improves the previous bound of 2.66013 in SODA 2002 [24] . As mentioned in [24] , the old analysis framework does not work well with the old weighting functions in [25] , i.e., the old approach does not guarantee an upper bound better than 2.66013. This is testified in the following way: consider our algorithm, if we use old weighting functions with the old framework to analyze it, the competitive ratio is at least 3.04, and if we use the old weighting functions with the new framework, the competitive ratio is at least 2.79.
Organization of Paper Section 2 will review the Harmonic and Super Harmonic algorithms as preliminaries. Section 3 defines the weighting functions for Super Harmonic. Section 4 describes and analyzes the two-dimensional online bin packing algorithm H ⊗ SH+. Section 5 concludes.
We first review two online algorithms for one-dimensional bin packing, Harmonic and Super Harmonic, which are employed in designing online algorithms for two-dimensional bin packing.
The Harmonic algorithm
The Harmonic algorithm is a fundamental bin packing algorithm with a simple and nice structure, that was introduced by Lee and Lee [21] in 1985. The algorithm works as follows. Given a positive integer k, each item is immediately classified into one of k types according to its size upon its arrival. In particular, if an item has a size in interval (
for some integer i, where 1 ≤ i < k, then it is a type-i item; otherwise, it is of type-k. The type-i item is then packed, using the simple Next Fit (NF) algorithm, into the open (not fully-packed) bin designated to contain type-i items exclusively; new bins are opened when necessary. At any time, there is at most one open bin for each type and any closed (fully-packed) bin for type-i is packed exactly with i items of type-i for 1 ≤ i < k.
For an item of size x, we define a weighting function W H (x) for the Harmonic algorithm as follows:
The following lemma is directly from [21] .
Lemma 1 For any list L, we have
where H(L) is the number of bins used by the Harmonic algorithm for list L.
The Super Harmonic algorithm
The Super Harmonic algorithm [25] is a generalization of the Improved Harmonic algorithm and the Harmonic algorithm. Super Harmonic first classifies each item into one of k + 1 types, where k is a positive integer, and then assigns to the item a color of either blue or red. It allows items of up to two different types to share the same bin. In any one bin, all items of the same type have same color and items of different type have different colors. For items of type-i (i ≤ k), the algorithm maintains two parameters β i and γ i to bound respectively the number of blue items and the number of red items in a bin. More details are given below.
Classification into types Let t 1 = 1 > t 2 > ... > t k > t k+1 = ǫ > t k+2 = 0 be real numbers. An interval I i is defined to be (t i+1 , t i ], for i = 1, ..., k + 1. An item with size x is of type-i if x ∈ I i .
Coloring red or blue Each type-i item is also assigned a color, either red or blue, for i ≤ k. The algorithm uses two sets of counters, e 1 , ..., e k and s 1 , ..., s k , all of which are initially zero. The total number of type-i items is denoted by s i , while the number of type-i red items is denoted by e i . For 1 ≤ i ≤ k, during the packing process, the fraction of type-i items that are red is maintained, i.e., e i = ⌊α i s i ⌋, where α 1 , ..., α k ∈ [0,1] are constants.
Maximal number of blue items Let
which is the maximal number of blue items of type-i which can be accepted in a single bin.
Space left for red items Let δ i = 1 − t i β i , which is the lower bound of the space left when a bin consists of β i blue items of type-i. If possible, we want to use the space left for small red items. Note that in the algorithm, in order to simplify the analysis, instead of using δ i , less space is used, namely D = {∆ 0 , ∆ 1 , ..., ∆ K }, as the spaces into which red items can be packed, where 0 = ∆ 0 < ∆ 1 < · · · < ∆ K < 1/2 and K ≤ k. Let ∆ φ(i) be the space to be used to accommodate red items in a bin which holds β i blue items of type-i, where function φ is defined as {1,...,k} → {0,...,K} such that φ satisfies ∆ φ(i) ≤ δ i . If φ(i) = 0 then no red items are accepted.
For convenient use in our analysis in the next section, we introduce a function called ϕ(i), which gives the index of the smallest space in D into which a red item of type-i can be placed:
Maximal number of red items Now we define γ i . Let
Naming bins It is also convenient to name the bins by groups:
Group (i) consists of bins that hold only blue items of type-i. Group (i, j) consists of bins that contain blue items of type-i and red items of type-j. Blue group (i, ?) and red group (?, j) are indeterminate bins currently containing only blue items of type-i or red items of type-j respectively. During packing, red items or blue items will be packed into indeterminate bins if necessary, i.e., indeterminate bins will be changed into (i, j).
The Super Harmonic algorithm is outlined below: Super Harmonic
If there is a bin in group (?, i) with fewer than γ i type-i items, then place p in it. Else if, for any j, there is a bin in group (j, i) with fewer than γ i type-i items then place p in it. ii. Else if there is some bin in group (j, ?) such that ∆ φ(j) ≥ γ i t i , then pack p in it and change the bin into (j, i). In this section, we develop new weighting functions for Super Harmonic that are simpler than the weighting system in [25] . The weighting functions will be useful in analyzing the proposed online algorithm as we shall see in the next section.
Intuitions for defining weights
Weighting functions are widely used in analyzing online bin packing problems. Roughly speaking, for an item, the value by one of weight functions is the fraction of a bin occupied by the item in the online algorithm. There is a constraint in defining weights for items for an online algorithm. Let K + 1 be the number of weighting functions. Let W i (p) be the weight of an item p, where 1
where A(L) is the number of bins used by algorithm A. Consider Super Harmonic algorithm. For 1 ≤ i ≤ k, let l i be the number of type-i pieces. For
B (i,?) , B (?,i) be the number of bins in groups (i), (i, s), (i, ?) and (?, i). Then we have
and
So, for each item with size x ∈ I i , where i ≤ k, if we define its weight as below:
then it is not difficult to see that the constraint (1) holds. However the above weighting function is not good enough, i.e., it always leads a competitive ratio at least 1.69103. The main reason is that for each bin in group (i, s) we account it twice, where 1 ≤ i, s ≤ k. Next we give some intuitions for improving the above weighting function.
By (2) and (3), observe that i s
and i s
So, we have i s
Hence, for an item with size x ∈ I i , after packing, if there is a bin in group (i, s) and also a bin in group (s, i), then we can define its weight as below:
This is the main intuition to lead our weighting functions, which are given in the next subsection.
New weighting functions
Remember that in Super Harmonic, there is a set D = {∆ 0 , ∆ 1 , ..., ∆ K } representing the "free spaces" reserved for red items. Recall the two functions φ(i) and ϕ(i) are related to free spaces and have the meanings as below: φ(i) = j implies that free space ∆ j is reserved for red items in a bin consisting of β i blue items of type-i, and ϕ(i) = j indicates that a red item of type-i could be packed in free space ∆ ≥j .
We are now ready to define new weighting functions. Items with size larger than ǫ will be first considered. Let E be the number of indeterminate red group bins (?, i) when the whole packing is done.
If E = 0, i.e., every red item is placed in a bin with one or more blue items, then we define the weighting function as:
Otherwise, E > 0 implying that for some i, an indeterminate red group bin (?, i) exists after packing. Let e be the smallest red item in indeterminate red group bins. Assume r is the type of item e and j = ϕ(r). If 2 ≤ j ≤ K then we define the corresponding weighting functions as follows:
and ϕ(i) < j
If j = 1, we define with zero. For an item with size x ∈ I k+1 , we always define W j (x) = x 1−ǫ for all j.
Theorem 1 For any list L, we have
A(L) ≤ max 1≤i≤K+1 p∈L W i (p) + O(1),
where A(L) is the number of bins used by Super Harmonic for list L.
Proof. Fix a list L. Let D be the sum of the sizes of the items of type-(k + 1). By NEXT FIT, we know that the number of bins used for type-(k + 1) is at most D/(1 − ǫ) + 1.
Again, we use E to denote the number of indeterminate red group bins when all the packing is done. If E > 0, let e be the smallest red item in indeterminate red group bins. Assume r is the type of item e and j = ϕ(r). For 1 ≤ i ≤ k, let l i be the number of type-i pieces. Let B (i) , B (i,s) , B (i,?) , B (?,i) be the number of bins in groups (i), (i, s), (i, ?) and (?, i).
To prove this theorem, we consider three cases. Case 1: If E = 0, i.e., i B (?,i) = 0, every red item is packed in a bin with one or more blue items. Therefore we just need to count bins containing blue items:
Case 2: E > 0, e is the smallest red item in indeterminate red group bins and its type is r and ϕ(r) = j ≥ 2. Since every red item of type-i is placed in a final group bin (s, i), where ϕ(i) < j, we have
On the other hand, we have
otherwise, e would have been placed into a bin (i, ?), where φ(i) ≥ j. According to the Super Harmonic algorithm, for any type bin B (i) , we have φ(i) = 0.
which is the total number of all the bins in groups (i, s) such that φ(i) ≥ j and ϕ(s) < j. Then we have
The last inequality follows directly from (7), (8) and (9). Then by the definition of variable X, we have
So, by (10) and (11), we have
The second inequality follows directly from (2) and (3). Case 3. E > 0 and j = 1. The arguments are analogous with Case 2. According to the Super Harmonic algorithm, for any type of bin (i, s), we have ϕ(s) ≥ 1, where 1 ≤ i, s ≤ k and k is a parameter defined in Super Harmonic. So, there is no such bin (i, s) with ϕ(s) < 1. Then we have
Algorithm H ⊗ SH+ and Its Analysis
In the section, we first review a class of online algorithms for two dimensional online bin packing, called H ⊗ B [24] . Next we introduce a new instance of algorithm H ⊗ SH+, where H is Harmonic and SH+ (Strange Harmonic+) is an instance of Super Harmonic. Then we propose some new techniques on how to bound the total weight in a single bin, which is crucial to obtaining a better asymptotic competitive ratio for the H ⊗ B algorithm. Finally, we apply new weighting functions for SH+ to analyze the two-dimensional online bin packing algorithm H ⊗ SH+ and show its competitive ratio at most 2.5545, which implies that the new weighting functions work very well with the generalized approach of bounding the total weight in a single bin. Note that as mentioned in [24] if we apply the weighting functions of SH+ derived from [25] directly to analyze algorithm H ⊗ SH+ then the upper bound cannot be improved.
Algorithms H × B and H ⊗ B
Now we review two-dimensional online bin packing algorithms H × B and H ⊗ B [24] , where H is Harmonic and B is Super Harmonic.
Given an item p = (w, h), H × B operates as follows:
1. Packing items into slices: If w ≥ ǫ then pack p into a slice of height 1 and width t i by H (Harmonic algorithm), where t i+1 < w ≤ t i ; else pack it into a slice of height 1 and width ǫ(1 − δ) i by H (Harmonic algorithm), where ǫ(1 − δ) i+1 < w ≤ ǫ(1 − δ) i and δ > 0 is arbitrarily small.
Packing slices into bins:
When a new slice is required in the above step, we allocate it from a bin using algorithm B.
H ⊗ B is a randomized algorithm, which operates as follows: before processing begins, we flip a fair coin. If the result is heads, then we run H × B; otherwise we run B × H, i.e., the roles of height and width are interchanged. Note that it is possible to de-randomize H ⊗ B without increasing its performance ratio. For details, we refer to [24] .
Theorem 2 If an online 1D bin packing algorithm B has weighting functions
and the asymptotic competitive ratio of algorithm H ⊗ B is at most
where δ is a parameter defined in H ⊗ B algorithm and X is a set of items which fit in a single bin.
An instance of Super Harmonic SH+
As mentioned in [25] , it is a hard problem to find appropriate parameters in designing an instance of Super Harmonic, especially setting t i . The parameters in SH+ are found through a trial-and-error way and are defined as follows: 
Previous framework for calculating upper bounds
In this subsection, we first introduce the previous framework for computing the upper bound of the competitive ratio of H ⊗ SH+, then mention that the previous framework does not work well with the instance in the last subsection, i.e., the previous framework does not lead a better upper bound.
Let p = (x, y) be an item. We define the following functions. Then we can obtain an upper bound on the competitive ratio R of algorithm H ⊗ SH+ as follows by Theorems 1 and 2, where X is a set of items which fit in a single bin.
When we use the tool for solving the mixed integer programs, there are two files which are necessary: one is the model file for the linear or integer program itself (refer to Appendix), and the other is the data file where the data is stored. We write a program to generate the data and then call the tool GLPK. (Actually we call API (Application Program Interface) of GLPK. To download the source file, go to: http://sites.google.com/site/xinhan2009/Home/files/2DHSH.c).
Our framework can be applied to 3D online bin packing to result in an algorithm H × H ⊗ SH+ with its competitive ratio 2.5545 × 1.69103(≈ 4.3198).
